In this paper, we present an elementary proof of a theorem of Serre concerning the greatest eigenvalues of k-regular graphs. We also prove an analogue of Serre's theorem regarding the least eigenvalues of k-regular graphs: given ǫ > 0, there exist a positive constant c = c(ǫ, k) and a nonnegative integer g = g(ǫ, k) such that for any k-regular graph X with no odd cycles of length less than g, the number of eigenvalues µ of X such that µ ≤ −(2 − ǫ) √ k − 1 is at least c|X|. This implies a result of Winnie Li.
Introduction
Let X be a graph and let v 0 be a vertex of X. A closed walk in X of length r ≥ 0 starting at v 0 is a sequence v 0 , v 1 , . . . , v r of vertices of X such that v r = v 0 and v i−1 is adjacent to v i for 1 ≤ i ≤ r. For r ≥ 0, let Φ r (X) denote the number of closed walks of length r in X. A cycle of length r in X is a subgraph of X whose vertices can be labelled v 0 , . . . , v r such that v 0 , . . . , v r is a closed walk in X and v i = v j for all i, j with 0 ≤ i < j ≤ r. The girth, denoted girth(X), of X is the length of a smallest cycle in X if such a cycle exists and ∞ otherwise; the oddgirth, denoted oddg(X), of X is the length of a smallest odd cycle in X if such a cycle exists and ∞ otherwise.
The adjacency matrix of X is the matrix A = A(X) of order |X|, where the (u, v) entry is 1 if the vertices u and v are adjacent and 0 otherwise. It is a well known fact that Φ r (X) = tr(A r ), for any r ≥ 0. The eigenvalues of X are the eigenvalues of A(X). If X is k-regular, then it is easy to see that k is an eigenvalue of X with multiplicity equal to the number of components of X and that any eigenvalue λ of X satisfies |λ| ≤ k. For l ≥ 1, we denote by λ l (X) the lth greatest eigenvalue of X and by µ l (X) the lth least eigenvalue of X.
An elementary proof of Serre's theorem
Serre has proved the following theorem (see [2] page 32, [3] , [4] page 209) using Chebyshev polynomials. Here we present an elementary proof of this result.
Theorem 1 (Serre) . For each ǫ > 0, there exists a positive constant c = c(ǫ, k) such that for any k-regular graph X, the number of eigenvalues λ of X with λ ≥ (2 − ǫ)
For the proof of this theorem we require the next lemma which follows from [8] 
Proof of Theorem 1: Let X be k-regular graph of order n with eigenvalues
On the other hand, the binomial expansion and relation (1) give
it follows that there exists
This relation gives
Theorem 1 has the following consequence regarding the asymptotics of the greatest eigenvalues of k-regular graphs.
Corollary 1 has also been proved directly by Serre in an appendix to [5] using the eigenvalue distribution theorem in [11] . When l = 2, we obtain the Alon-Boppana theorem(see [1] , [7] , [9] , [10] for details).
3 Analogous theorems for the least eigenvalues of kregular graphs
The analogous result to Theorem 1 for the least eigenvalues of a k-regular graph is not true. For example, the eigenvalues of line graphs are all at least −2. However, by adding an extra condition to the hypothesis of Theorem 1, we can prove an analogue of Serre's theorem for the least eigenvalues of a k-regular graph. Proof: Let X be a k-regular graph of order n with eigenvalues −k ≤ µ 1 ≤ µ 2 ≤ · · · ≤ µ n = k. Given ǫ > 0, let m be the number of eigenvalues µ of X with µ ≤ −(2−ǫ) √ k − 1. Then n − m of the eigenvalues of X are greater than −(2 − ǫ) √ k − 1. Thus
In the previous section, we proved that there exists
Let g(ǫ, k) = 2s 0 . If oddg(X) > 2s 0 , then for 0 ≤ j ≤ s 0 − 1, the number of closed walks of length 2s 0 − 2j − 1 in X is 0. Hence, Φ 2s 0 −2j−1 (X) = 0, for 0 ≤ j ≤ s 0 − 1. Thus
where the last inequality follows as in Theorem 1.
The next result is an immediate consequence of Theorem 2.
When l = 1 in Corollary 2, we get the main result from [5] . Also, Corollary 2 holds when l = 1 and lim i→∞ girth(X i ) = ∞. This special case of Corollary 2 was proved in [6] using orthogonal polynomials. It is also a consequence of the eigenvalue distribution theorem from [8] .
A stronger theorem than Corollary 2 has been proved by Serre in [5] using the eigenvalue distribution results from [11] . We now present an elementary proof of this theorem. For r ≥ 0, let c r (X) be the number of cycles of length r in a graph X. 
Proof: Let l ≥ 1. For a graph X and r ≥ 1, let n 2r+1 (X) denote the number of vertices v 0 in the graph X such that the subgraph of X induced by the vertices at distance at most r from v 0 is bipartite. Thus, |X| − n 2r+1 (X) is the number of vertices u 0 of X such that the subgraph of X induced by the vertices at distance at most r from u 0 contains at least one odd cycle. Since each such vertex is no further than r from each of the vertices of an odd cycle of length at most 2r + 1, it follows that
where 0 ≤ α l,r ≤ (2l + 1)(k − 1) r−1 . Thus, we have the following inequalities
For i ≥ 0 and r ≥ 1, we have
where 0 ≤ θ 2r+1 (X i ) ≤ k 2r+1 . From (2) and (3), we obtain that for each r ≥ 1
By using relation (1), it follows that for each r ≥ 1 lim inf for any s ≥ 1. By taking the limit as s → ∞, we get
which implies the inequality stated in the theorem.
